Giant gravitons and correlators by Lin, Hai
ar
X
iv
:1
20
9.
66
24
v3
  [
he
p-
th]
  2
0 N
ov
 20
12
Giant gravitons and correlators
Hai Lin1
Department of Particle Physics, Facultad de Fisica,
Universidad de Santiago de Compostela, 15782 Santiago de Compostela, Spain
Abstract
We calculate non-extremal correlators of Schur polynomials and single trace
operators. We analyse their dual descriptions from the approach of the variation
of DBI and WZ actions of the giant gravitons. We show a regularization proce-
dure under which the extremal correlators of Schur polynomials and single trace
operators match exactly with string theory computation. Other aspects of the
extremal and non-extremal correlators are also discussed.
1e-mail: hai.lin@usc.es
1 Introduction
In this paper we study correlators for giant gravitons in AdS/CFT [1],[2],[3]. The
giant graviton in AdS space is a brane that grows large in AdS or in sphere directions
[4],[5],[6]. They can be described by operators constructed by Schur polynomials and
labelled by Young diagrams [7], see also related discussion [8],[9]. The giant graviton
which grows in sphere directions are described by operators in representation 1k and
those grows in AdS space are described by operators in representation k.
The brane in AdS space couples with background gravitational field via the DBI and
WZ action. It is nice to consider correlators between two heavy operators, such as those
correspond to giant gravitons, and other light operator corresponding to supergravity
field. Recently, [10] and [11] studied these correlators and compared them with the
variation of the DBI and WZ action describing their interaction. In particular, [10]
analysed variation of the action, and found that there is a disagreement in matching the
extremal correlators. In particular, [11] analysed non-extremal correlators and found
that a large class of them agree with the gauge theory computation.
In this paper we will discuss the problem of matching the extremal correlators
and show a regularization procedure under which the string theory computation and
gauge theory computation agrees exactly. We also study other class of non-extremal
correlators in both the gauge theory and the string theory perspectives and found
agreement.
The organization of this paper is as follows. In section 2, we study the correlator
of two Schur polynomials and one single trace operator, in particular the non-extremal
correlators. In section 3.1, we perform detailed analysis of the DBI and WZ variations
of [10], and show a regularization procedure that correctly gives the answer that ex-
actly equals the answer from the gauge theory computation. In section 3.2, we analyze
non-extremal correlators and show agreements nontrivially with the gauge theory com-
putation. In particular, the k/N dependence are nicely captured in the string theory
computation. In section 3.3, we analyse AdS giant. Finally, in section 4, we briefly
discuss the results and conclusions.
2 Correlators with giant gravitons in gauge theory
2.1 Schur polynomials and correlators
The Schur Polynomial which corresponds to the giant graviton is defined as [7]
χR(Z) =
1
k!
∑
σ∈Sk
χR(σ)Z
i1
iσ(1)
· · ·Z ik−1iσ(k−1)Z
ik
iσ(k)
, (2.1)
〈χR(Z)χT (Z)†〉 =
k! Dim(R)
dR
δR,T =
∏
i,j∈R
(N − i+ j). (2.2)
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The Young diagram R labelling the Schur Polynomial that we will consider has k boxes.
We will compute the correlator of two Schur Polynomials χR, χR′ and another single
trace operator of the form
:Tr(Zj1Z†Zj2Z† · · ·ZjlZ†): (2.3)
where the total number of Z’s is n =
∑l
i=1 ji, and there are total number of l Z
†’s. The
total u(1) R-charge of the operator is j = n − l. We will distinguish the case of non-
adjacent Z†’s, and adjacent Z†’s, in the computation of correlators of them with Schur
polynomials. If ji is not zero, then the two Z
†’s from the two sides is not adjacent.
Otherwise if there is a number ji that is zero, the two Z
†’s are adjacent, in other words,
we have a (Z†)2. Similarly we have situations where there is (Z†)3, (Z†)4, (Z†)5 and so
on.
Now let’s consider the correlator between two Schur polynomials labelled by R ⊢ k
and R+ ⊢ k + n− l , where n = j + l, and the third operator as in (2.3). The limit we
focus on here is that k ∼ O(N), and j, l ≪ k,N. In other words, the giant graviton
operator has much larger R-charge than the other light operator.
We first consider the situation that there is no adjacent Z†’s in the trace of (2.3).
Those type will be the main terms when l ≪ j. Consider the Schwinger-Dyson equation
0 =
∫ [
dZdZ†
] d
dZij
(
(Zj+1Z†Z)ijχR(Z)χR+(Z)
†e−Tr(ZZ
†)
)
(2.4)
which implies that (self contractions are subtracted out)
〈χR(Z)χR+(Z)†:Tr(Zj(ZZ†)2:〉 = 〈
(
(Zj+1Z†Z)ij
d
dZij
χR(Z)
)
χR+(Z)
†〉. (2.5)
Now consider another Schwinger-Dyson equation
0 =
∫ [
dZdZ†
] d
dZij
(
(Zj+1)in1Z
k2
j
d
dZk2n1
χR(Z)χR+(Z)
†e−Tr(ZZ
†)
)
(2.6)
which then implies that (self contractions are subtracted out)
〈
(
(Zj+1Z†Z)ij
d
dZij
χR(Z)
)
χR+(Z)
†〉 = 〈
(
(ZjZ)k1n1
d
dZk1n2
Zk2n2
d
dZk2n1
χR(Z)
)
χR+(Z)
†〉.
(2.7)
By using the similar method several times, we have that
〈χR(Z)χR+(Z)†:Tr(Zj(ZZ†)l:〉 = 〈
(
(ZjZ)k1n1
d
dZk1n2
Zk2n2
d
dZk2n3
· · ·Zklnl
d
dZkln1
χR(Z)
)
χR+(Z)
†〉.
(2.8)
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So we will compute
(ZjZ)k1n1
d
dZk1n2
Zk2n2
d
dZk2n3
· · ·Zklnl
d
dZkln1
χR(Z)
=
1
(k − l)!
∑
σ∈Sk
χR(σ)Z
i1
iσ(1)
· · ·Z ik−1iσ(k−1)(Zj+1)
ik
iσ(k)
=
1
(k − l)!
∑
σ∈Sk
∑
T⊢ k+j
χR(σ)χT (σ(k, k + 1, · · ·, k + j) )χT (Z) (2.9)
=
k!
(k − l)!dR
∑
T⊢ k+j
Tr(PT→R(k, k + 1, · · ·, k + j) )χT (Z), (2.10)
where PT→R is a projector that projects to R after restricting to the Sk subgroup and
is zero if T does not subduce R after restricting to the Sk subgroup. The trace is taken
over the carrier space of T . We have also used the fundamental orthogonality relation
to sum over σ. We therefore have
〈χR(Z)χR+(Z)†:Tr(Zj(ZZ†)l:〉 =
k!
(k − l)!dRTr(PR
+→R(k, k + 1, · · · , k + j) )〈χR+(Z)χR+(Z)†〉.
(2.11)
The above expression is illustrated for the situation when j1 = j + 1, and ji = 1
for i = 2, ..., l. Other situations without adjacent Z†’s is similar, but with a different
projector, and the the final answer is similar to (2.11). In the regime l ≪ k, we have
that k!
(k−l)! ≃ kl. This formula is the same for both representation of (k) and (1k).
Now we look at the situation that there are adjacent Z†’s. For example, for the
situation with l adjacent Z†’s, using the above method, we have that
〈χR(Z)χR+(Z)†:Tr(Zj+lZ†l):〉 = 〈
(
(Zj+l)ji
d
dZjn1
d
dZn1n2
...
d
dZ
nl−2
nl−1
d
dZ
nl−1
i
χR(Z)
)
χR+(Z)
†〉,
(2.12)
and we evaluate
(Zj+l)ji
d
dZjn1
d
dZn1n2
...
d
dZ
nl−2
nl−1
d
dZ
nl−1
i
χR(Z)
=
1
(k − l)!
∑
σ∈Sk
χR(σ)Z
i1
iσ(1)
· · ·Z ik−1iσ(k−1)(Zj+l)
ik−l+1
iσ(k)
δikiσ(k−1)δ
ik−1
iσ(k−2)
...δ
ik−l+2
iσ(k−l+1)
=
l−1∏
α=1
⊕RαcRα−1Rα
1
(k − l)!
∑
T⊢k−j
∑
σ∈Sk−l+1
χR′(σ(k, k − 1, k − 2, ..., k − l + 1))
χT (σ(k − l + n, k − l + n+ 1, ..., k − l + 1))χT (Z) (2.13)
=
l−1∏
α=1
⊕RαcRα−1Rα
(k − l + 1)!
(k − l)!d2R′
∑
T⊢k−j
Tr(PR→R′(k, k − 1, · · · , k − l + 1) )
Tr(PT→R′(k − l + n, k − l + n + 1, ..., k − l + 1) )χT (Z). (2.14)
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In the above, cRα−1Rα is the weight of the box that is removed from Young diagram
Rα−1 to obtain Young diagram Rα.We denote R0 = R, and Rl−1 = R+. In other words,
we need to remove l−1 boxes, if there is l adjacent Z†. Similarly, if there is a (Z†)m, in
other words, m adjacent Z†’s, then one needs to remove m− 1 boxes from the Young
diagram R. This situation is similar to [12]. From (2.14) we have that
〈χR(Z)χR+(Z)†:Tr(Zj+lZ†l):〉 =
l−1∏
α=1
⊕RαcRα−1Rα(k − l + 1)
1
d2R′
Tr(PR→R′(k, k − 1, ..., k − l + 1) )
Tr(PT→R′(k − l + n, k − l + n+ 1, ..., k − l + 1) )〈χR+(Z)χR+(Z)†〉.
(2.15)
The expression (2.14) is general for different representations of (k) or (1k). For
different representations, the difference is mainly the weights cRα−1Rα . For sphere
giant,
l−1∏
α=1
⊕RαcRα−1Rα =
l−1∏
α=1
(N − k + α), (2.16)
and similarly for AdS giant,
l−1∏
α=1
⊕RαcRα−1Rα =
l−1∏
α=1
(N + k − α). (2.17)
In the regime l ≪ k,N , we have that ∏l−1α=1(N + k − α)(k − l + 1) ≃ k(N + k)l−1.
For the symmetric representation R = (k) and R+ = (k + j) = (k + n− l). These
irreducible representations are one-dimensional, and the projector is trivial, and group
elements are represented by 1. So we find
〈:Tr(Zj(ZZ†)l):χ(k)(Z)χ(k+j)(Z)†〉√
〈χ(k+j)(Z)χ(k+j)(Z)†〉〈χ(k)(Z)χ(k)(Z)†〉 ‖:Tr(Zj(ZZ†)l):‖
=
(
k
N
)l(
1 +
k
N
) j
2
(
l + 1
j + 2l + 1
) 1
2
, (2.18)
where we reinstated the appropriate normalizations.
For the antisymmetric representation, R = (1k) and R+ = (1k+j) = (1k+n−l). These
irreducible representations are one dimensional, and the projector is trivial. There are
sign factors due to parity of permutations. The group elements in this representation
are Γ(σ) = (−1)ǫ(σ) where ǫ(σ) is the parity of the permutation, and for the above
permutations in (2.10), it gives factors (−1)j = (−1)n−l. Therefore we find
〈:Tr(Zj(ZZ†)l):χ(1k)(Z)χ(1k+j)(Z)†〉√
〈χ(1k+j)(Z)χ(1k+j)(Z)†〉〈χ(1k)(Z)χ(1k)(Z)†〉 ‖:Tr(Zj(ZZ†)l):‖
=
(
k
N
)l(
1− k
N
) j
2
(
l + 1
j + 2l + 1
) 1
2
. (2.19)
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The factor (−1)n−l depends on conventions and can be removed. In most of the dis-
cussions follows, we will remove this factor, but it can be reinstated easily.
Similarly for the example of adjacent Z†’s, the answer for symmetric and antisym-
metric representations are respectively,
〈:Tr(Zj+lZ†l):χ(k)(Z)χ(k+j)(Z)†〉√
〈χ(k+j)(Z)χ(k+j)(Z)†〉〈χ(k)(Z)χ(k)(Z)†〉 ‖:Tr(Zj(ZZ†)l):‖
=
k
N
(
1 +
k
N
) j
2
+l−1(
l + 1
j + 2l + 1
) 1
2
, (2.20)
〈: Tr(Zj+lZ†l) : χ(1k)(Z)χ(1k+j)(Z)†〉√
〈χ(1k+j)(Z)χ(1k+j)(Z)†〉〈χ(1k)(Z)χ(1k)(Z)†〉 ‖:Tr(Zj(ZZ†)l):‖
=
k
N
(
1− k
N
) j
2
+l−1(
l + 1
j + 2l + 1
) 1
2
. (2.21)
where in above notation l > 1.
Now we consider the situation that there are l2 adjacent Z
†’s, each of which does
not have a Z on the left side; and there are l1 rest of the Z
†’s, each of which has a Z
on the left side. In other words, there are l1 zero ji’s, and l2 non-zero ji’s in (2.3). The
factor we get in this situation is kl1 (N + k)l2 . This is because that for each Z† that
has a Z on the left side, they will give a factor k; while for each Z† that does not have
a Z on the left side, they will give a factor N +k instead. For example, (Z†)m will give
a factor k(N + k)m−1, because there are m− 1 Z†’s that does not have a Z on the left
side and they involve removing m− 1 boxes, while the leftmost Z† gives the factor k.
We can denote such operators as Oj,l1,l2, for example,
Oj,l1,l2 = :Tr(Z
j+l2(ZZ†)l1Z†l2): (2.22)
for l1 > 1. Therefore
〈Oj,l1,l2χ(k)(Z)χ(k+j)(Z)†〉√
〈χ(k+j)(Z)χ(k+j)(Z)†〉〈χ(k)(Z)χ(k)(Z)†〉 ‖Oj,l1,l2‖
=
(
k
N
)l1 (
1 +
k
N
) j
2
+l2 ( l + 1
j + 2l + 1
) 1
2
, (2.23)
〈Oj,l1,l2χ(1k)(Z)χ(1k+j)(Z)†〉√
〈χ(1k+j)(Z)χ(1k+j)(Z)†〉〈χ(1k)(Z)χ(1k)(Z)†〉 ‖Oj,l1,l2‖
=
(
k
N
)l1 (
1− k
N
) j
2
+l2 ( l + 1
j + 2l + 1
) 1
2
. (2.24)
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The extremal correlators have been computed [10], see also related discussion [11],[7]
〈Tr(Zj) χ(k)(Z)χ(k+j)(Z)†〉√
〈χ(k+j)(Z)χ(k+j)(Z)†〉〈χ(k)(Z)χ(k)(Z)†〉 ‖Tr(Zj)‖
=
(
1 +
k
N
) j
2 1√
j
, (2.25)
〈Tr(Zj) χ(1k)(Z)χ(1k+j)(Z)†〉√
〈χ(1k+j)(Z)χ(1k+j)(Z)†〉〈χ(1k)(Z)χ(1k)(Z)†〉 ‖Tr(Zj)‖
=
(
1− k
N
) j
2 1√
j
(2.26)
where we have removed sign factors due to conventions.
In these expressions, the answer for sphere giant and AdS giant are related by
making the replacement N − k → N + k. This may also imply that there are similar
limit for sphere giant and AdS giant when k
N
is fixed but small, which are two alternative
ways for the gravitons to blow up into giant gravitons. The limit we will look at is
mainly k ∼ O(N), with k
N
fixed.
2.2 Some comparisons
The correlators with operators for l = 1 were analysed in detail in [11]. For the l = 2
case, there are two types, which gives different values in the correlator, as explained in
the above section. For :Tr(Zj1Z†Zj−j1+2Z†):
〈:Tr(Zj1Z†Zj−j1+2Z†):χ(k)(Z)χ(k+j)(Z)†〉√
〈χ(k+j)(Z)χ(k+j)(Z)†〉〈χ(k)(Z)χ(k)(Z)†〉 ‖:Tr(Zj1Z†Zj−j1+2Z†):‖
=
(
k
N
)2(
1 +
k
N
) j
2
(
l + 1
j + 2l + 1
) 1
2
, (2.27)
with 1 6 j1 6 j + 1. On the other hand, for :Tr(Z
j+2(Z†)2):
〈:Tr(Zj+2(Z†)2):χ(k)(Z)χ(k+j)(Z)†〉√
〈χ(k+j)(Z)χ(k+j)(Z)†〉〈χ(k)(Z)χ(k)(Z)†〉 ‖:Tr(Zj+2(Z†)2):‖
=
(
k
N
)(
1 +
k
N
) j
2
+1(
l + 1
j + 2l + 1
) 1
2
. (2.28)
We can compare the correlators for two Schur polynomials and one trace operators
with the correlators for three Schur polynomials. The correlator between three Schur
6
polynomials when one of them is much smaller than the other two is given by, via [7],
〈χ(1j)(Z)χ(1k)(Z)χ(1k+j)(Z)†〉√
〈χ(1k+j)(Z)χ(1k+j)(Z)†〉〈χ(1k)(Z)χ(1k)(Z)†〉〈χ(1j)(Z)χ(1j )(Z)†〉
=
(
1− k
N
) j
2
(2.29)
where j > 1, and in the regime j ≪ k .
Denoting Tr(Zj) = Oj ,
〈χ(1k)(Z) Oj1Oj2 χ†(1k+j)(Z)〉√
〈χ(1k+j)(Z)χ(1k+j)(Z)†〉〈χ(1k)(Z)χ(1k)(Z)†〉 ‖Oj1‖ ‖Oj2‖
=
1√
j1j2
(
1− k
N
) j1+j2
2
, (2.30)
where j = j1 + j2,
〈χ(1k)(Z) Oj1Oj2...Ojα χ(1k+j)(Z)†〉√
〈χ(1k+j)(Z)χ(1k+j)(Z)†〉〈χ(1k)(Z)χ(1k)(Z)†〉
∏
i
‖Oji‖
=
1∏
α
i=1
√
ji
(
1− k
N
)∑α
i=1
ji
2
, (2.31)
where j =
∑
α
i=1ji.
Correlators between Schur and single trace operators have also been considered in
[21], where various transition processes were explored. See also [19]. If we replace one
Oj1 with a light Schur polynomial χ(1j1 ), then
〈χ(1k) χ(1j1 )Oj2 χ(1k+j)(Z)†〉√
〈χ(1k+j)(Z)χ(1k+j)(Z)†〉〈χ(1k)(Z)χ(1k)(Z)†〉〈χ(1j1 )(Z)χ(1j1 )(Z)†〉 ‖Oj2‖
=
1√
j2
(
1− j1
N
) j2
2
(
1− k
N
) j1
2
(2.32)
for j2 ≪ j1, j = j1 + j2, and j1 ≪ k.
3 Correlators with giant gravitons in string theory
3.1 Giant graviton computation
Now let’s turn to the discussion from the gravity perspectives. As analysed in [10], and
[11], to compute the correlator of the giant graviton with a light supergravity field, we
consider the coupling of the supergravity fluctuations to the Euclidean D-brane action
SD3 = SDBI + SWZ =
N
2π2
∫
d4σ(
√
det(gMN∂aXM∂bXN)− iP [C4]). (3.1)
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As analysed in [10], we vary the Euclidean D-brane action, and the DBI part gives the
following variation
δSDBI = N cos
2 θ
∫
dt
(
2
∆ + 1
Y∆(∂
2
t −∆2)s∆ + 4∆cos2 θY∆s∆
)
, (3.2)
and the variation of the WZ part is
δSWZ = N cos
2 θ
∫
dt
(
(−4 sin θ cos θ∂θ)Y∆s∆
)
. (3.3)
The total variation of the action is [10]
δ(SDBI + SWZ)
= N cos2 θ
∫
dt
(
2
∆ + 1
Y∆(∂
2
t −∆2)s∆ + 4(∆ cos2 θ − sin θ cos θ∂θ)Y∆s∆
)
.
(3.4)
Now we can use the expression of the spherical harmonics
Y∆,∆ =
sin∆ θ
2∆/2
ei∆φ (3.5)
and replace the field s∆ with the bulk to boundary propagator
s∆ =
a∆z
∆
((x− xB)2 + z2)∆ →
a∆z
∆
x2∆B
, (3.6)
where a∆ =
∆+1
22−
∆
2 N
√
∆
, and use the Euclidean geodesic φ = φ(t) = t → −it, z =
R
cosh t
, x = R tanh t. We also use the notation that R = R/x2B, Y∆ = Y˜∆eijφ.
We looked at the integration∫ +∞
−∞
dt
ejt
cosh∆+2n t
= 2∆+2n−1
Γ(1
2
(∆ + j) + n)Γ(1
2
(∆− j) + n)
Γ(∆ + 2n)
. (3.7)
The variation is
δSDBI =
a∆R
∆
x2∆B
N cos2 θ
(
4∆ cos2 θY˜∆ ·
∫ +∞
−∞
dt
ejt
cosh∆+2n t
∣∣∣∣
n→0
−2∆Y˜∆ ·
∫ +∞
−∞
dt
ejt
cosh∆+2 t
)
, (3.8)
δSWZ =
a∆R
∆
x2∆B
N cos2 θ
(
−4(sin θ cos θ∂θ)Y˜∆ ·
∫ +∞
−∞
dt
ejt
cosh∆+2n t
∣∣∣∣
n→0
)
, (3.9)
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with the total variation
δS =
a∆R
∆
x2∆B
N cos2 θ
(
4(∆ cos2 θ − sin θ cos θ∂θ)Y˜∆ ·
∫ +∞
−∞
dt
ejt
cosh∆+2n t
∣∣∣∣
n→0
−2∆Y˜∆ ·
∫ +∞
−∞
dt
ejt
cosh∆+2 t
)
. (3.10)
For extremal correlator, for the maximally charged state,
− (sin θ cos θ∂θ)Y˜∆ = −∆cos2 θY˜∆,
∫ +∞
−∞
dt
ejt
cosh∆+2n t
∣∣∣∣
n→0
→∞ . (3.11)
The first piece of the integral (3.10) has a form of 0 · ∞.
We show a regularization procedure, by first calculating nonextremal correlator, and
then taking a limit l → 0. The piece ∆ cos2 θY˜∆ and − sin θ cos θ∂θY˜∆ are from the DBI
and WZ respectively, and if integrating them separately, one get two divergent terms
in (3.8), (3.9). With the regularization procedure, one can see that their cancellation is
not complete and there is a finite piece when l → 0. In this regularization, 4(∆ cos2 θ−
sin θ cos θ∂θ)Y˜∆ has a factor of l, while
∫ +∞
−∞ dt
ejt
cosh∆+2n t
has a factor Γ(l).
For the spherical harmonics,
Y∆,∆−2l =
Γ(j + l + 1)
√
(j + l + 1)(l + 1)2−j/2
Γ(l + 2)Γ(j + 1)
√
j + 2l + 1 2l
sinj θei(jφ) 2F1(−l, j+l+2, j+1; sin2 θ),
(3.12)
with l = 0, 1, 2...
Let’s define
F∆,j = sin
j θ 2F1(−l, j + l + 2, j + 1; sin2 θ), (3.13)
in which 2F1(−l, j + l + 2, j + 1; sin2 θ)|l=0 = 1.
∆cos2 θF∆,j = j cos
2 θF∆,j + 2l cos
2 θF∆,j,
− sin θ cos θ∂θF∆,j = −j cos2 θF∆,j + 2l cos2 θ sinj+2 θ j + l + 2
j + 1
2F1(1− l, j + l + 3, j + 2; sin2 θ).
(3.14)
Those two first terms in (3.8),(3.9) when integrated are divergent when l = 0. On the
other hand the integral has an overall Γ(l) factor:∫ +∞
−∞
dt
ejt
coshj+2l t
= 2j+2l−1
Γ(j + l)
Γ(j + 2l)
Γ(l) (3.15)
which is divergent at l = 0.
On the other hand,
cos2 θ(F∆,j + sin
j+2 θ
j + l + 2
j + 1
2F1(1− l, j + l + 3, j + 2; sin2 θ))|l→0
=
sinj θ
cos2 θ
1
j + 1
(1 + j cos2 θ). (3.16)
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Now if we add the two pieces together, and using lΓ(l)|l=0 = 1 when setting l = 0,
we find
a∆R
∆
x2∆B
N cos2 θ 4(∆ cos2 θ − sin θ cos θ∂θ)Y˜∆
∫ +∞
−∞
dt
ejt
coshj+2l t
∣∣∣∣
l→0
= (2R)∆ 1√
j
(
1 +
k
N
j
)(
1− k
N
) j
2
(3.17)
where the factor 1 + k
N
j is from the factor 1 + j cos2 θ in (3.16). The two divergent
terms therefore do not cancel completely and yield a finite piece.
The other piece in the integral is
a∆R
∆
x2∆B
N cos2 θ(−2∆Y˜∆ ·
∫ +∞
−∞
dt
ejt
cosh∆+2 t
) = −(2R)∆ k
N
√
j
(
1− k
N
) j
2
. (3.18)
Now adding all the pieces together from (3.17),(3.18), we find that the coefficient
is
− (2R)∆(−1)j−1 1√
j
(
1− k
N
) j
2
(3.19)
where we reinstated the (−1)j factor from section 2.1 due to conventions. This agrees
with gauge theory computation,
(−1)j−1 1√
j
(
1− k
N
) j
2
. (3.20)
The computation above indicates that the previous mismatch discussed in [10] is
mainly due to the subtlety of extremal correlators. There were two possible reasons
in understanding the mismatch: One is that [10] interpreted this disagreement as the
Schur polynomials’ inability to interpolate between giant gravitons and pointlike gravi-
tons; while another is that [11] thought that the problem was related to subtleties in
extremal correlators. Here, the above computation shows that the previous discrepancy
of the computation between gauge theory and string theory is related to the subtlety
of the extremal correlators.
3.2 Sphere giant and comparisons
Let’s first consider the sphere giant. Let’s consider the general expression of Y ∆,∆−2l
in (3.12). For example, for l = 1,
Y∆,j =
√
2(j + 2)(j + 1)2−j/2
4
√
j + 3
sinj θei(jφ) (1− j + 3
j + 1
sin2 θ). (3.21)
These situations have been considered in detail in [11], and perfect agreement were
found there.
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We now calculate the answer for other l. We use the equality
(cos2 θ − j + l
j + 2l + 1
)2F1(−l, j + l + 2, j + 1; sin2 θ)
+ cos2 θ sin2 θ
j + l + 2
j + 1
2F1(1− l, j + l + 3, j + 2; sin2 θ)
=
l + 1
j + 2l + 1
2F1(1− l, j + l + 1, j + 1; sin2 θ) = l + 1
j + 2l + 1
cos−2 θ 2F1(−l, j + l, j + 1; sin2 θ).
(3.22)
We then have the expression
δS = (2R)∆Γ(j + l + 1)Γ(j + l)
√
(j + l + 1)(l + 1)
Γ(j + 2l)Γ(j + 1)
√
(j + 2l)(j + 2l + 1)
sinj θ 2F1(−l, j + l, j + 1; sin2 θ).
(3.23)
The coefficient is
〈O(j+2l,j)χ(1k)χ†(1k+j)〉√
〈χ(1k+j)χ†(1k+j)〉〈χ(1k)χ†(1k)〉
∥∥O(j+2l,j)∥∥
=
Γ(j + l + 1)Γ(j + l)
√
(j + l + 1)(l + 1)
Γ(j + 2l)Γ(j + 1)
√
(j + 2l)(j + 2l + 1)
(
1− k
N
) j
2
2F1(−l, j + l, j + 1; 1− k
N
)
(3.24)
where we have removed the (−1)j−1 factors due to conventions.
For l = 0, 2F1(0, j, j + 1; sin
2 θ) = 1,
〈O(j,j)χ(1k)χ†(1k+j)〉√
〈χ(1k+j)χ†(1k+j)〉〈χ(1k)χ†(1k)〉
∥∥O(j,j)∥∥ =
1√
j
(
1− k
N
) j
2
(3.25)
where we have removed a (−1)j−1 factor due to conventions. This agrees with the
gauge theory computation.
For l = 1, 2F1(−1, j + 1, j + 1; sin2 θ) = cos2 θ,
〈O(j+2,j)χ(1k)χ†(1k+j)〉√
〈χ(1k+j)χ†(1k+j)〉〈χ(1k)χ†(1k)〉
∥∥O(j+2,j)∥∥ =
k
N
(
1− k
N
) j
2
(
2
j + 3
) 1
2
. (3.26)
Those were considered in [11].
For sphere giant, when k
N
→ 1, the correlator is very small, with the exception
of j = 0 case; on the gravity side, this is because of that the giant has to make a
change of the R-charge, while k
N
→ 1 makes it difficult to do so, so it is suppressed due
to R-charge conservation of the process. For non-extremal correlators, with neutral
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operators, we see that it is not small even when 1 − k
N
becomes small, for the special
case j = 0; on the gravity side, this is because the giant does not need to make a
change of the R-charge when it is maximal.
For l > 2, in the limit l2 ≪ j, 2F1(−l, j + l, j + 1; sin2 θ) = cos2l θ(1 + o(l2/j)) for
l > 2,
〈O(j+2l,j)χ(1k)χ†(1k+j)〉√
〈χ(1k+j)χ†(1k+j)〉〈χ(1k)χ†(1k)〉
∥∥O(j+2l,j)∥∥ =
(
k
N
)l(
1− k
N
) j
2
(
l + 1
j + 2l + 1
) 1
2
(1+o(l2/j)).
(3.27)
There is simplification in the limit l2/j ≪ 1. In this limit the leading order functional
dependence on k
N
is the same as in (2.19) for the situation without adjacent Z†’s. This
means that in this limit, the main light states are those with non-adjacent Z†’s. This
limit is consistent with the gauge theory computation, and it means that the number
of ZZ†’s is much fewer than the Z’s in the trace.
In the limit l2 ≪ j, most of the operators that appears in (2.3) are the operators
with non-adjacent Z†. Therefore this limit extract the term with the largest power of
k
N
, which is
(
k
N
)l
, in the polynomial given by the hypergeometric function, giving the(
k
N
)l (
1− k
N
) j
2 . Other terms with smaller powers of k
N
are from the operators with
adjacent Z†’s. In the expansion of the hypergeometric function, the terms of order
o(l2/j)α, has the form
(
k
N
)l−α (
1− k
N
) j
2
+α
. We think that those terms with o(l2/j)α
are from the operators with non-adjacent Z†, in which the number of zero ji’s in
the expression (2.3) is α. If there is α zero ji’s, the number of such terms goes as(
j+l−α−1
j
)(
l
α
)
, while the number of terms with no adjacent Z†’s goes as
(
j+l−1
j
)
. The
ratio of their numbers approach the coefficients in the expansion of the hypergeometric
function (
1− k
N
) j
2
2F1(−l, j + l, j + 1; 1− k
N
)
=
l−1∑
α=0
(−l)α(1− l)α
α!(j + 1)α
(
k
N
)l−α(
1− k
N
) j
2
+α
, (3.28)
where in the l2 ≪ j limit, rα = (−l)α(1−l)αα!(j+1)α ∼
(
j+l−α−1
j
)(
l
α
)(
j+l−1
j
)−1 ∼ o(l2/j)α.
We see that the l = 0, l = 1 cases all agree. The operators are
O(j,j) = Tr(Z
j) (3.29)
O(j+2,j) = :Tr(Z
j+1Z†): . (3.30)
For l > 2, the correlators have different values, according to how many non-adjacent
Z†’s are, see discussions of (2.24). The result in the small l2/j limit is the limit where
most of the terms are those with non-adjacent Z†.
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For l = 2,
〈O(j+4,j)χ(1k)χ†(1k+j)〉√
〈χ(1k+j)χ†(1k+j)〉〈χ(1k)χ†(1k)〉
∥∥O(j+4,j)∥∥ =
√
3(j + 3)√
(j + 4)(j + 5)
(
1− k
N
) j
2 k
N
(
k
N
− 2
j + 3
)
.
(3.31)
This implies the combination from the gauge theory computation
O(j+4,j) =
1
2
j+1∑
j1=1
:Tr(Zj1Z†Zj+2−j1Z†): + :Tr(Zj+2Z†Z†): . (3.32)
The factor of 1
2
is because that the operator with j1 and j1 → j + 2 − j1 is the same
by cyclicity. Now we see that there are two different type of terms, one with Z†’s
non-adjacent, and one with Z†’s adjacent. As in section 2.1, the k
N
dependence of
these two types in the correlators are different, one with
(
k
N
)2 (
1− k
N
) j
2 and another
with − k
N
(
1− k
N
) (
1− k
N
) j
2 . Note that there are j + 1 terms of the first type with no
adjacent Z†, in the summation in the first part of (3.32), so the normalized answer is
〈O(j+4,j)χ(1k)χ†(1k+j)〉√
〈χ(1k+j)χ†(1k+j)〉〈χ(1k)χ†(1k)〉
∥∥O(j+4,j)∥∥
=
√
3(j + 1)√
(j + 3)(j + 4)(j + 5)
(
1− k
N
) j
2
((
k
N
)2
− 2
j + 1
k
N
(
1− k
N
))
. (3.33)
The two types of terms in (3.32) gives the two terms in (3.33), and are distinguishable.
We can study an opposite limit. Let’s study the j = 0 limit.
〈O(2l,0)χ(1k)χ†(1k)〉√
〈χ(1k)χ†(1k)〉〈χ(1k)χ†(1k)〉
∥∥O(2l,0)∥∥ =
Γ(l)Γ(l + 2)
Γ(2l)
√
2l(2l + 1)
2F1(−l, l, 1; 1− k
N
). (3.34)
For l = 2, it is
〈O(4,0)χ(1k)χ†(1k)〉√
〈χ(1k)χ†(1k)〉〈χ(1k)χ†(1k)〉
∥∥O(4,0)∥∥ =
3
2
√
5
k
N
(
k
N
−2
3
)
. (3.35)
This can be evaluated using the method in [13], and [11], via the integration, and
for the sphere giant computation, for j = 0, it is
〈O(4,0)〉 =
∫ ∞
0
N e−Nr
2
(Nr2)
−2k−2+2N
2√
5
√
(N − k − 1)!(N − k − 1)! (3r
4−4r2+1) rdr = 3
2
√
5
((
k
N
)2
−2
3
k
N
)
(3.36)
where we rescaled πa2 factors. This is for the (1k) representation. The analysis of
〈O(4,2)〉, 〈O(3,1)〉, 〈O(2,0)〉 has been performed in [11], in agreement with both the field
theory result and the anatomy of [13], and they are both consistent with [20].
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3.3 AdS giant and comparisons
In the case of AdS giant, in this particular situation θ = π/2. The variations have been
analysed in detail [10]. The possibility of arbitrary Y∆,j are considered in [11]. The
expression with the t integral and summation of the series is [11],[10]
δS = −2
∆
2
−1√∆
Γ(∆ + 1)
R∆
cosh∆ ρ
∞∑
n=0
1
22n
Γ(∆ + 2n+ 2)
Γ(n+ 2)Γ(n+ 1)
tanh2n+2 ρ
∫ ∞
−∞
dt
Y∆,j
cosh∆+2+2n t
.
(3.37)
We have included also l > 2 cases, as well as general j for l = 1 cases.
Performing the summation in (3.37), the expression is
δS = −(2R)∆Γ(j + l + 1)
√
(j + l + 1)(l + 1)
Γ(j + 2l)
√
(j + 2l)(j + 2l + 1)
(1− x) j2+ldlx
(
xl+1
l + 1
2F1(l + 1, j + l + 1, l + 2; x) +
1
j
)
(3.38)
and
〈O(j+2l,j)χ(k)χ†(k+j)〉√
〈χ(k+j)χ†(k+j)〉〈χ(k)χ†(k)〉
∥∥O(j+2l,j)∥∥
=
Γ(j + l + 1)
√
(j + l + 1)(l + 1)
Γ(j + 2l)
√
(j + 2l)(j + 2l + 1)
(1− x) j2+ldlx
(
xl+1
l + 1
2F1(l + 1, j + l + 1, l + 2; x) +
1
j
)
,
(3.39)
where x = k
N+k
= tanh2 ρ.
lim
l→0
Γ(j + l + 1)
√
(j + l + 1)(l + 1)
Γ(j + 2l)
√
(j + 2l)(j + 2l + 1)
(1− x) j2+ldlx
(
xl+1
l + 1
2F1(l + 1, j + l + 1, l + 2; x) +
1
j
)
=
1√
j
(1− x)− j2 . (3.40)
By first computing the answer for general l and then taking the limit l → 0, the
answer calculated in this way agrees with the gauge theory computation.
For l = 0, x 2F1(1, j + 1, 2; x) +
1
j
= 1
j
(1− x)−j , δS = −(2R)∆ 1√
j
(1− x)− j2 ,
〈O(j,j)χ(k)χ†(k+j)〉√
〈χ(k+j)χ†(k+j)〉〈χ(k)χ†(k)〉
∥∥O(j,j)∥∥ =
(
1 +
k
N
) j
2 1√
j
. (3.41)
For l = 1,
〈O(j+2,j)χ(k)χ†(k+j)〉√
〈χ(k+j)χ†(k+j)〉〈χ(k)χ†(k)〉
∥∥O(j+2,j)∥∥ =
k
N
(
1 +
k
N
) j
2
(
2
j + 3
) 1
2
, (3.42)
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which were analysed in detail in [11].
For l > 2, in the limit l2 ≪ j,
(1− x) j2+ldlx
(
xl+1
l + 1
2F1(l + 1, j + l + 1, l + 2; x) +
1
j
)
=
Γ(j + 2l)
Γ(j + l + 1)
xl
(1− x) j2+l
(1 + o(l2/j)). (3.43)
So in the limit l2 ≪ j,
〈O(j+2l,j)χ(k)χ†(k+j)〉√
〈χ(k+j)χ†(k+j)〉〈χ(k)χ†(k)〉
∥∥O(j+2l,j)∥∥ =
(
k
N
)l(
1 +
k
N
) j
2
(
l + 1
j + 2l + 1
) 1
2
(1+ o(l2/j)).
(3.44)
Note that for l > 2, o(l2/j) is no smaller than o(l/j). The leading order expression
(3.44) is the approximation when l2 ≪ j. This is in agreement with (2.18), and see
related discussion in section 3.2.
For l = 2,
〈O(j+4,j)χ(k)χ†(k+j)〉√
〈χ(k+j)χ†(k+j)〉〈χ(k)χ†(k)〉
∥∥O(j+4,j)∥∥ =
√
3(j + 3)√
(j + 4)(j + 5)
(
1 +
k
N
) j
2 k
N
(
k
N
+
2
j + 3
)
.
(3.45)
This again agrees with the discussion in section 3.2.
We can also study the j = 0 limit. For l = 2, it is
〈O(4,0)χ(k)χ†(k)〉√
〈χ(k)χ†(k)〉〈χ(k)χ†(k)〉
∥∥O(4,0)∥∥ =
3
2
√
5
k
N
(
k
N
+
2
3
)
. (3.46)
Again using the analysis [13], and [11],
〈O(4,0)〉 =
∫ ∞
0
N e−Nr
2
(Nr2)
2k−2+2N
2√
5
√
(N + k − 1)!(N + k − 1)! (3r
4−4r2+1) rdr = 3
2
√
5
((
k
N
)2
+
2
3
k
N
)
(3.47)
which is for the (k) representation, and with j = 0. Situations are quite similar to
section 3.2.
4 Discussions
We studied the correlators between two heavy operators of the Schur polynomial type
and one light operator, from the gauge theory point of view. Both non-extremal cor-
relators and extremal correlators are studied.
In the situation of the extremal correlator, we showed a regularization procedure in
which the string theory computation matched the gauge theory computation exactly.
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We first calculate the expression for small l and then extends it to l = 0. In the l→ 0
limit, both the DBI and WZ variation have a property that they contain divergent
terms, and their cancellation is not completely zero. The regularization procedure
gives a finite answer, which agrees with the gauge theory computation exactly.
We also studied non-extremal correlators with l = 1, but with general R-charge j,
and they also agree with the gauge theory computation for general R-charge.
We analysed the non-extremal correlators with general l, including l > 2. In the
l2 ≪ j limit, the gravity answers are simplified there. We also showed that in an
opposite limit, j = 0 limit, with l = 2 example, the correlator also agrees, with both
the gauge theory computation and another method using anatomy of [13]. In particular,
nontrivial k/N dependence is nicely captured by the gravity computations.
From the gravity point of view, there are certain similarities with the computation
for the case of string worldsheet and supergravity field, see for example [14]-[18]. There
might be connections between these approaches.
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